This paper is concerned with curved boundary triangular elements having one curved side and two straight sides. The curved elements considered here are the 6-node (quadratic), 10-node (cubic), 15-node (quartic) and 21-node (quintic) triangular elements. On using the isoparametric coordinate transformation, these curved triangles in the global (x, y) coordinate system are mapped into a standard triangle: {( , )/0 , 1, + 1} in the local coordinate system ( , ). Under this transformation curved boundary of these triangular elements is implicitly replaced by quadratic, cubic, quartic and quintic arcs. The equations of these arcs involve parameters, which are the coordinates of points on the curved side. This paper deduces relations for choosing the parameters in quartic and quintic arcs in such a way that each arc is always a parabola which passes through four points of the original curve, thus ensuring a good approximation. The point transformations which are thus determined with the above choice of parameters on the curved boundary and also in turn the other parameters in the interior of curved triangles will serve as a powerful subparametric coordinate transformation for higher order curved triangular elements with one curved side and two straight sides.
Introduction
The finite element method applied to problems involving a enclosed region R 2 , elements with straight sides, usually triangles or quadrilaterals are perfectly satisfactory, if the original domain has a polygonal boundary and suitable basis functions defined on these elements are easy to construct. However, when the problem domain is curved, elements with at least one curved side are desirable. This is also the case when curved material interfaces are present in the region. The curved element was introduced into structural analysis by Ergatoudis et al. [1] and reference to it can be found in [2] [3] [4] [5] [6] . Mitchell [7] describes three approaches to this problem. One of these involves a transformation of the entire domain onto some standard shape and hence is really a global method as opposed to the standard finite element approach which is local. The other two methods, the isoparametric method and the direct method are local in nature. In the direct method, the basis functions are constructed to match the curved boundaries and integrations are carried out directly in the original plane. This method has been developed with some success by Wachpress [8] [9] [10] and Mcleod and Mitchell [11] for triangular elements. The main difficulty with this procedure is that the basis functions in the triangles adjacent to the curved boundary are, in all but a few special cases, no longer polynomials and so the numerical work in these triangles is correspondingly more involved. The major disadvantage of these methods lies in the fact that the basis functions are usually rational functions making the integrations much more difficult. The direct methods have the advantage of being able to match curves more accurately than isoparametric methods. The isoparametric method has advantage of simplicity in defining of transformation and in the fact that the basis functions are polynomials which make the numerical integration easier. In the isoparametric method a triangle with one curved side and two straight sides in global (x, y) space is mapped into a standard triangle i.e. {( , )/0 , 1, + 1} in the local parametric space ( , ). When the isoparametric coordinates are used to deal with curved boundaries in the finite element method, the original boundary is implicitly replaced by parabolic, cubic, quartic, quintic, etc., arcs. The equations of these arcs involve parameters which are the coordinates of points on the curved side. Mcleod and Mitchell [12] determine equations of parabolic and cubic curves using isoparametric coordinate transformations. Further, they also present a simple and systematic procedure to choose the parameters of the cubic curves so that the implicit equations of the curves always represent the parabola passing through four points of the original curves and so is a reasonable approximation to it. The development is put to practical use in the recent works of Rathod and Karim [13, 14] . It is the purpose of this paper to find equations for point transformation of quartic and quintic arcs using isoparametric coordinate transformations and also to choose the parameters (coordinates of the points on the curved side) in a systematic way so that the implied curves are always a parabola passing through four points (quartic and quintic arcs) of the original curves.
Point transformations for triangular elements with one curved boundary
We consider the triangular elements in which one of the sides is curved and the other two sides are straight as shown in Figs 
where n = 2 refers to quadratic, n = 3 refers to cubic, n = 4 refers to quartic and n = 5 refers to quintic order triangular elements, and 
N (n)
i ( , ) refers to the convential triangular element shape functions of order n at the node i. These are listed in Appendix A. Hence the transformation formulae between the physical (Cartesian) and the local (natural) coordinate system are
It is well known that the nodes along the straight sides 3-1 and 3-2 in Figs. 1-4 are always equi-spaced, except for certain special finite elements, like those required near the crack tip singularity in fracture mechanics. Now if we use the standard formulae on dividing a line segment in a given ratio from the plane analytic geometry to the straight sides 3-1 and 3-2, then the Eqs. (2) reduces to
where, t is nodal values of the triangular element and H(n − 3) is the well-known Heaviside step function or unit step function and it has the meaning for the present as 
(t), a 
are listed in Appendix B.
Triangles with one parabolic boundary
In the previous section, we have seen that the point transformation for the curved triangle with one curved side is expressed by Eqs. (3a)-(3d). This transformation will reduce to two parametric equations of the degree n (n = 2, 3, 4, 5) in local variate or along the curved boundary for which + = 1. We would now like to approximate the curved boundary of the triangle by a parabolic arc i.e. by two parametric equations for x and y by a quadratic polynomial in or . This is possible only if we neglect the higher order terms in Eq. (3a) i.e. the terms
Hence we may assume without loss of generality that the point transformation over the curved triangle is given by
, t=x, y (n=2, 3, 4, 5) (4) where
/m (n) and m (n) are integral constant which are already defined in Eq. (3c).
Explicit form of point transformations and Jacobians
We note that Eq. (4) reduces to a pair of parametric equations for x and y along the curved boundary and they are quadratic polynomials, either in or (parametric variates, 0 , 1). Let us assume that the given curved boundary can be approximated by a general conic [14] , that is, the equation, (say)
We have also from Eq. (4) the parametric equation along the curved boundary is of the form (say):
If we substitute from Eq. (6a) into Eq. (5), then on the curved boundary f has the form:
Clearly Eq. (6b) is a polynomial in , of degree four, since it has to pass through the end points of the curved boundary, =0, 1 are definitely two of its roots. The other two roots in 0 < < 1, determine two intermediate points on the curved boundary. Thus, we can only determine the curved boundary by a parabolic arc which passes through two intermediate points in 0 < < 1 and two end points at = 0 and 1. If we have more than two intermediate points on the parabolic arc of this curved boundary, then they will be all expressible in terms of the two intermediate points which only lie on the original curved boundary. We shall now determine the relations among the nodal points along the curved boundary, if the curved triangle has more than four nodes along the curved boundary.
Lemma. Let the point transformation for the curved triangle with one parabolic curved boundary side and two straight sides are expressible as
where
then it can be shown that (i) Quadratic case (n = 2):
(ii) Cubic case (n = 3):
(iii) Quartic case (n = 4):
(iv) Quintic case (n = 5): 
Proof. The proof follows from the foregoing analysis of point transformations to match the parabolic arc discussed in Section 3 of the paper and alternatively it also follows from the global to local transformation of coordinates and geometric considerations.
Analysis of point transformations
In the previous section, we have considered triangular elements of order two to five with two straight sides and one curved side. These triangles are spanned by a total of 6, 10, 15 and 21 nodes and each of these have 3, 4, 5 and 6 nodes, respectively, along the curved side. The physical (global/cartesian) and reference (local/natural) coordinates of any node i are (x i , y i ) and ( i , i ), respectively. The global coordinates (x, y) and the local coordinates ( , ) under the subparametric coordinate transformation which map these curved triangles into-isosceles right triangles are as shown in Figs. 1(b)-4 (b) and they are related by Eqs. (3a)-(3d) as derived in the previous section. The quadratic and cubic point transformations have been the subject of intensive research in the earlier works by several authors [11] [12] [13] [14] .
The parametric equations of the curved side in Figs Quadratic case (n = 2): In this case, the curved side of the triangle is spanned by the coordinates (t 1 , t 4 , t 2 , t = x, y).
Hence on the curved side, we obtain the following equation on
Clearly Eq. (14a) describes the parametric form of equation of a parabola passing through the points (t i , i = 1, 4, 2) and
Cubic case (n = 3): In this case, the curved side of the triangle is spanned by the coordinates (t i , i = 1, 4, 5, 2). Hence on the curved side, we obtain the following equation on substituting = 1 − in Eq. (3a):
Clearly the parametric equation (15) describes a cubic curve passing through the points (t i , i = 1, 4, 5, 2). Since a cubic curve must possess a double point, which may result in a cusp or a loop in the curve, it is in general undesirable as an approximation to a simple smooth curve [7] . However, the choice for location of points (t i , i=1, 4, 5, 2) to make the cubic curve to reduce to a unique parabola can be achieved by setting [11] :
That is to set: a (t) = 0, and this implies
In addition, if we set
then the choice
and the transformation formulae Eq. (3a) reduces to
and
Quartic case (n = 4): In this case, the curved side of the triangle is spanned by the coordinates (t i , i = 1, 4, 5, 6, 2). The point transformation for this case can be obtained from Eq. (3a). Hence, on the curved side, we obtain
Now the choice for the location of points (t i , i = 4, 5, 6) to make the quartic curve to a unique parabola, can be achieved by setting: 
Using the explicit relations for the coefficients a 
Using Eq. (13), we have
Using Eq. (27) in Eq. (3a), we obtain
Now choose t 13 , t 14 and t 15 such that a (t)=0, so that the above Eq. (28) simplifies to the quadratic form:
From Appendix B, on using explicit relations of a (t) and further on account of Eq. (26), we suppose that the location of all the points on the curved side is known. Hence, we obtain the three additional equations from a (t) = 0 as
The solution to the system of Eqs. (26) and (30) has three solutions which depend on the relations:
The first solution can be obtained from the relation of Eq. (31a) which will locate t 1 , t 4 , t 6 and t 2 on the original curved boundary and then t 5 can be determined by the relation:
and the t 5 thus determined may or may not lie on curved boundary. Thus all points along the curved boundary are known in this manner. The second solution can be obtained in a similar manner from Eq. (31b) and the relation
The third solution can be determined from Eq. (31c) and the relation
The interior points t 13 , t 14 and t 15 can be then determined either Eq. (30) or Eq. (29), which is further expressible as
Once the location of the points on the boundary is known, we have from Eq. (34), we can determine the interior points from the following:
Quintic case (n = 5):
In this case, the curved side of the triangle is spanned by the coordinates (t i , i = 1, 4, 5, 6, 7, 2). The point transformation for this case can be obtained from Eq. (3a). Hence, on the curved side, we obtain the following equation on substituting = 1 − in Eq. (3a):
Now, the choice for the location of point's t i , i = 4, 5, 6, 7 to make the above quintic curve to reduce to a unique parabola can be achieved by setting: (t)+a 
We can equivalently express the Eq. (38) as (a (t)) + (a (t))
Using the explicit relations for the coefficients a (t)) (t)) (t)) (t)) (t)) 
Explicit form of the point transformations:
Theorem. The point transformation for the curved triangular elements with one curved side and two straight sides can be expressed in terms of the four points (t i , i = 1, 2, 3, 4), (t = x, y) as:
where n = 2, 3, 4, 5 for the quadratic, cubic, quartic and quintic curved triangular elements, respectively.
Proof. This follows from Lemma and the linear relation between the nodal coordinates along the curved boundary derived in the previous sections. ç
Explicit form of the Jacobians: By using the transformation Eq. (51), the Jacobian J( , ) can be expressed as
6. Application example
Determination of points over the curved triangle
To determine the application of derived solutions of curved boundary triangular elements, we consider a domain consisting of the quarter ellipse defined by
The location of points along the curved boundary, which reduce the isoparametric transformation to parametric equations of the
2 , (n = 2, 3, 4, 5) is discussed in the previous sections of this paper in full detail. Further, the location of the points in the interior of the curved triangle which reduce the isoparametric transformations from cubic to quintic order to the quadratic transformation is:
(t) , (n = 3, 4, 5) under the subparametric concept, is also fully described in the previous sections. The determination of points over the curved triangle i.e. the points along the curved boundary of the triangle and the points located in the interior of the curved triangle is of utmost importance for us to proceed with the application of higher order curved triangular elements under the subparametric transformation. Hence, we have tabulated these points for the quartic and quintic order curved triangular elements in the various tables listed in this paper, viz, Table 1a-c (quartic element) and Table 2a -c (quintic element). We have also included a table of coordinates in Table 3 for cubic triangle as derived in [14] .
Determination of arc length for the curved triangle
Calculating the length of a given curve between two end points is useful in many applications. Hence, to demonstrate further application of the derived quadratic transformation of curved triangular elements (quadratic, cubic, quartic and quintic), we propose to determine the arc length of the quarter ellipse (as triangular element). We have shown that the parametric equations along the curved bound-
2 , (n = 2, 3, 4, 5) i.e.
We can find the arc lengths from the above equation as: We have described the parametric equations along the curved boundary of the ellipse (under subparametric point transformation and usual isoparametric point transformation) and the computed values of the arc length in Table 4a ,b for the various curved triangular elements (quadratic, cubic, quartic and quintic order elements).
We can also note that the theoretical value of the arc length s of a 
quarter ellipse: x 2 /a 2 + y 2 /b 2 = 1 is given by the series expression
Now we have for ellipse of the application example of this section, namely:
and the value of s is
We have then compared the theoretical value of arc length s as found in Eq. (56b) with finite element approximation of s (expressed as an integral): (i) by straight forward application of numerical integration and the usual isoparametric mapping and then (ii) by straight forward application of numerical/analytical integration and the subparametric mapping proposed in the present paper. These findings are given in Tables 4a and b, respectively.
Determination of center of gravity (Centroid) of curved triangular element
Mass property calculations are one of the earliest engineering applications implemented into CAD/CAM systems. One of these properties is the centroid of an area bounded by a curve. Hence, to demonstrate the further application of the derived quadratic transformation formula of curved triangular elements we propose to determine the centroid of the quarter ellipse (as a curved triangular element). Let us consider the area A of one quadrant of the ellipse: x 2 /a 2 +y 2 /b 2 =1 then the centroid (x, y) of the area A is given by
From Eqs. (57a,b) , we obtain
For the application example, we have a = 6, b = 2 and from Eq. (58):
We shall now use the subparametric point transformations and explicit form of Jacobian derived in Eqs. (57)-(59) to obtain the above physical quantities (theoretical):
where, t = x, y and n = 2(1) 5 for quadratic, cubic, quartic and quintic order curved triangle. We can then obtain the required integrals, viz, A x dx dy, A y dx dy from Eq. (60b).
We have then compared the theoretical values of x, y and that of the centroid found by two methods and these findings are tabulated in Tables 4a and b.
Conclusions
This paper concerns the use of isoparametric coordinate transformation to deal with the curved boundaries in the finite element method. This involves the transformation of each triangle in global/physical coordinate system (x, y) with one curved side and two straight sides into a standard triangle: {( , )/0 , 1, + 1} in the local or natural coordinate system ( , ). Isoparametric coordinate transformation for each curved triangle is obtained through point transformation of global (x, y) coordinates and so the original curves are implicitly replaced by parabolic, cubic, quartic and quintic curves depending on the degree of parametric coordinates. It is shown in this paper to find equations of quartic and quintic curves in terms of isoparametric coordinate transformations and to choose the coordinate points on the curved sides in a systematic way so that the implied curve is always a parabola passing through four points of the original curved boundary and so is a reasonable approximation to it. We have also shown that the point transformations are expressible as , 3, 4, 5) and the Jacobian required in the evaluation of integrals is also easily expressed as
Finally we have considered an application example, which consists of the quarter ellipse:
We take this as a curved triangle in the physical coordinate system (x, y). We have demonstrated the use of point transformations to determine the points along the curved boundary of the triangle and also the points in the interior of the curved triangle. These findings are tabulated in Tables 1 and 2 . We have next demonstrated the use of point transformation to determine the arc length of the curved boundary and this is summarized in Tables 4a and b . An additional demonstration that uses the point transformation and the Jacobian is considered. We have thus evaluated certain integrals, for example, A t dx dy, (t = x, y, = 0, 1) and found the physical quantities like area and centroid of the curved triangular elements. These findings are tabulated in Tables 5a and b. We hope that this study gives us the required impetus in the use of higher order curved triangular elements under the subparametric coordinate transformation. 
